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Abstract With the objective of generating “shape-preserving” smooth interpolating
curves that represent data with abrupt changes in magnitude and/or knot spacing, we
study a class of first-derivative-based C!'-smooth univariate cubic L; splines. An L,
spline minimizes the L; norm of the difference between the first-order derivative of
the spline and the local divided difference of the data. Calculating the coefficients
of an L, spline is a nonsmooth non-linear convex program. Via Fenchel’s conjugate
transformation, the geometric dual program is a smooth convex program with a linear
objective function and convex cubic constraints. The dual-to-primal transformation is
accomplished by solving a linear program.
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1 Introduction

Let {x; : i =0,1,...,n} be a set of strictly increasing knots covering the real interval
[a, b], that is,

a=x)<X| <X)<---<X,=>h. (1)
Let {z; e R:i=0,1,...,n} be a set of corresponding values. We seek a piecewise
polynomial function Z(x) with some desired properties that interpolates the data set
(xi,zi), i =0,1,...,n[3,4,10,22,25,29]. In particular, we are interested in piecewise

polynomial interpolants that “preserve the shape” of the data. One simple and fre-
quently used procedure is piecewise linear interpolation. Such interpolation preserves
shape well in the sense that there is no extraneous nonphysical oscillation. In particu-
lar, when the z;’s are convex (concave or monotone), the piecewise linear interpolant
is also convex (concave or monotone, respectively). However, piecewise linear inter-
polants are generically nonsmooth at the knots and may not be sufficiently accurate
unless the knots are closely spaced. Cubic piecewise polynomials are alternatives that
have been widely investigated.

The traditional approach in designing a piecewise cubic polynomial interpolant
Z(x) is to minimize the L, norm of the second derivative, that is, to minimize

b
/ (2" (x))? dx,

over the space of functions with second derivatives in Ly (a, b) subject to the inter-
polation conditions z(x;) = z;, i = 0,1,...,n [2,3,13,25,27]. (Boundary conditions,
such as 7”(a) = 7z’(b) = 0, could be added with no major change to the theory
presented below.) These splines exhibit many desirable theoretical approximation
properties but have extraneous oscillation and do not preserve the shape of the data
well. For this reason, they are used less widely than linear splines. Designing cubic
splines that preserve the shape of data well is an important topic of research. One
direction of research has focused on replacing the L, norm by the L, norm [1-
3,9,12,14,16,20,24,25]. Cubic L1 splines, that is, cubic splines that minimize the L
norm of the second derivative, have attracted attention recently because they do not
have the nonphysical oscillation endemic in traditional spines, preserve the shape
of the data well and can be calculated by efficient algorithms [5,6,8,16,18]. In the
literature, all of the cubic L; splines have obtained by minimizing the L; norm of
the second derivative of the spline except for those in [19], which are obtained by
minimizing the L1 norm of the difference between the first-order derivative of the
spline and the local divided difference of the data.

Motivated by the success of the computational experiments in [19], we investi-
gate in this paper a theoretic model for the new class of C'-smooth cubic L splines,
which we call “first-derivative-based L; splines.” Calculating the coefficients of first-
derivative-based L splines turns out to be a non-differentiable convex programming
problem. Traditional non-smooth optimization methods [28] can be applied, but such
methods cannot easily be formulated to take advantage of the structure inherent in
first-derivative-based L; splines and are, therefore, neither theoretically nor compu-
tationally efficient. Following [5], we investigate the possibility of using differentiable
convex optimization techniques to handle this problem by studying its geometric dual
model obtained through Fenchel’s conjugate transform [23,26]. We show that the

@ Springer



J Glob Optim (2008) 40:589-621 591

dual problem is a smooth convex program with a linear objective function and cubic
constraints. This allows one to apply efficient interior-point algorithms for smooth
convex programming [21] or to design new algorithms related to [6]. Once a dual
solution is found, we show that the primal solution can be obtained by solving a
sparse linear programming problem [11].

The rest of this paper is organized as follows. In Sect. 2, we formulate an opti-
mization model with a non-differentiable convex objective function for first-deriva-
tive-based univariate cubic L spline. In Sect. 3, we derive the conjugate function of
this non-differentiable objective function. In Sect. 4, we formulate the geometric dual
program for the original problem. We also show how to construct a primal optimal
solution via a linear programming for dual-to-primal conversion. Concluding remarks
are given in the last section.

2 Optimization model

The “data spacing” (knot spacing) and the (local) “data slope” (slope of the linear
spline) are

Zi+1 — Zi .
hi =xi1 —Xx; and AZi:T’ i=0,1,....,.n—1,
1

respectively. Our objective is to find a C'-smooth piecewise cubic polynomial Z(x) that
interpolates the data (x;,z;),i = 0,1...,n, and minimizes the L distance between
its first-order derivative and the data slope. More specifically, on each subinterval
[xi,x;11], we seek a cubic Hermite polynomial

&Uﬁ=m+%@—m%+§@—m)+g@—m),

that joins together C!-smoothly with the cubic Hermite polynomial(s) in the adjacent
interval(s) on the right and left and minimizes the difference between

Vi
%m=m+mu—m+§u—m2
and Az;,i =0,1,...,n, over [a,b]. We denote the vector

T
(PO,C](),UO,VO, Plan,ula"la LR pn—laQn—laun—l,Vn—lv Pn)

by & € R**1 Denote the indicator function of a convex set D by §(x|D): §(x|D) = 0
if x € D; 8(x]|D) = oo otherwise. Let C; = {z;}, i = 0,1,...,n. With this notation,
finding the cubic L spline is equivalent to solving the following optimization problem:

n—1 n
MnfM%=ZﬁmﬁM%Aﬂm+ZMm®
i=0 i=0

XeRin+l
2 3
SMdem+m%+éw+éw:ﬁHJ:QL“m—L (2)
h2
Qi+hiui+7lvi:%+la i=01,...,n—2.
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The two groups of constraints require that two adjacent local cubic polynomials
have the same function value and first-order derivatives at common knots. The
interpolation requirements p; = z;,i = 0,1,...,n is incorporated into the objective
function using the indicator function. This will make it easier for us to derive its dual
problem. No explicit boundary conditions for the spline at x¢ and x,, are included in
the above model, although they could easily be incorporated as we will mention in
the conclusion.
For convenience, we let

Xit1 ,
fi(qiui, vi) == / |Z{(x) — Az;| dx

Xi

1
0

where 1 := (x — x;)/h;. Then the objective function of (2) becomes

2

2

qi — Az + uhin + | dn,

n n—1
FX) =D 8(ilC) + D filgi» uir vi).-
i=0 i=0
For v; # 0, we define
F— Az; U 772
it == L2 S 3)

v;ih? vih; 2

Let nii) and ng) denote the two roots (if they exist) of the equation x;(n) = 0 in

variable 7, that is,

2
0) Ui Ui qi — Az;
— DY | el 4
& vih; \/(Vihi) ( vih? ) @

2
0) Ui Ui qi — Az;
=— 21— 5
K vih; * \/(Vihi) ( vih? ) ©)
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Proposition 2.1 The function f;(q;, u;, v;) can be explicitly expressed as

f vil 6hi(qi—Azi)+3uih? +vih} 2w |1 (ui 2 _ qi—Azi
t 6v; vi |3 \vi Vi

HORICEE!

. { _ 6hi(qi—Azi)+3uih? +vik} 4
1

6v; Vi

1 (ui 2 _ qi=Azi
3 \vi Vi

. 6hi(qi7Azi)+3u,'hi2+v,'h? 4 u; 2
il 6v; +3 |\

— il (6hi(qi*AZi)+3uihlz+Vih? )

fi=

6ovi

6v;
|| [(Qi;iAziY N hi(fIiL:iAzi) " g] ’
|uil (
—Juil (’3 M)

Azil,

il (6hi(qi7Az[)+3uih,2+th? )
i >

ht(ﬂh AZ:))

L 4ilgi —

itvi 0,0 <0< <1,

ifvi £0.0< g <1<n),
itvi 0,0 <" < <1,

it vi # 0,7\ o,

<0<1<n,

if v; # 0, otherwise,

qi—Azj
uihj

ifvi=0,u; #0,
€ [-1,0],
ifViZO,Mi#O,% >0,

e . qi—=Azi _
1fvl_0,ul;é0,wf 1,

ifvi=0,u; =0.

Proof  We first consider the case with v; = 0. In this situation, we have the following

four subcases:

(a) u; =0.Itis evident that f; = hj|q; — Az;l.
(b) u; #0and q"u_iiﬁiz" > 0. Then

— Az; W2 hi(gi — Az;
lhl 2 u;

(¢) u; #0and ’I’u_liﬁlz’ < —1. Then

1
fi= hiluihil/o - (fl +

(d) u; #0and —1 < q"u_[iﬁf" < 0. Then we have

fi = h?|uil /0 —(n+q

i — Az
——)d
uh; ) 1
— ] |:(Qi - Azi)z L M= Az) h,2i| .
uj Uu; 2

qi=Azi
uihj

1
* fac
ql

S Az N2 hi(gi — Azi
qi Zl) dn = —|ujl Ay i(qi Zz)) )
uih,- 2 u;
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Next consider the case with v; # 0. Note that

AZ Ui 772 1
fi=h; |v,|/ ’q‘ 72 : : +7‘dn=h?lwl/ [xi(m!dn,
Vi 0

Vii

where x;(n) is defined by (3). Denote

qi — Az ui n* 1’
Tz T e

Clearly, we have gl(n) = xi(n) and g;(0) = 0. There are two situations to consider.

Situation (A): (V h,) -2 ( Azz’) < 0.Then y;(n) > 0 and we have

l i

gi(n) =

1 hi(gi — Az wh? W
=i [ xndn = Wiwlgin) = o (MOS0 4 BT,
4

2v; 6

Situation (B): ( A ) -2 (q"_AZ’) > 0. Then the quadratic function x;(n) = 0 has

roots given by (4) and (5). From X,(n(l)) = X,(n(l)) = 0, we see that

(n(l))2 _ Qi—AZi+ U G (77(1))2 _ Qi—AZi+ N0
2 Vihiz Vi/’l,' 771 ’ 2 Vl‘hl2 Vihi T2 '

Therefore,

O]
Oy _ 0 @=8z w10 gi=An g
gi(n;") =my ( Vil +v,h > +3 vih? v,-h,-’ll

277(1) (q: - AZ:) Ui (’I(l))z

3 vih? vih;i 6
1
3
1
3

_ 277(1) — Az; _ — Az; W)
T3 vlh2 vih VJz2 vih; g
0|2 (q— Az qi — Az;
3 vih? Vi h, vih? ’
Similarly,

(D) (i) 2 (qi— Az 1 u; 2 1 Ui qi — Az;
81(77 )= Up) 72 ] 3 -5\ 5 |-
3 Vih,' 3 V,‘hl‘ 3 Vih,‘ V,'hl-

Substituting UY) and r;g) into the above two equations, we have

2 2 3/2
G l(i) _gizAz| 1 (ul) _Z(Qi—AZi)
&i vihi 3 Vih,' Vi/’ll2 3 Vi/’l,' vihl2 ’
3/2
() = ui |10 u; Z_Qi—AZi VAL 2_2 qi — Az;
8il vl-hi 3 Vih,' Vihl-z 3 Vih,' V,‘hlz '

We now have four subcases to consider: Subcase (B1): ngl), ng) ¢ (0,1). This leads to
three possibilities: n(l) (’) <0,1< n(’) < ng), and n(l) <0<1< r/(’) For each of
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these possibilities, x;(n) retains the same sign on [0, 1]. For the first two possibilities,
we have x;(n) > 0 on [0, 1]. Therefore,

1 hi(gi — Az; wh? K
fi= h?|vi|/ xi(mdn = |vil hilgi — Az) | it hi)
0 Vi 2V,’ 6

For the third possibility with r;(l) <0<l1lc< ng), we see that x;(n) < 0on [0, 1]. Thus

hi(qi — Azi) n u;hy n h}
i 2Vi 6 '

fi = —vil

Subcase (By): ny) <0< ng) < 1. In this situation, we have

1
Ixi(mldn +/U) le'(n)ldn)
)
@

3 " :
= hilvil / —xi(n)dn +/® xi(mdn
0 n,

= B3 il (gi(1) — 28 (n5"))
[6hi(qi — Az) + 3u,~hl-2 —l—h?vi _ % |:1 (u,-)z - qi — AZ;‘:|

(@)

fi = I il (/0172

= |vi|

6V,’ Vi
3/2

Sl6y =)

Subcase (B3): 0 < n <1< n(’) Then we have

(@)

m
fi:h?lvz-l(/
0
2u; | 1 (u; 2 qi — Az; 2 u; 2 qi — Az;
=wili—Iz=t—-) —— |+ = —) -2 ——
Vi 3 Vi Vi 3 Vi Vi

_6/’li(qi — Az) + 3uihi2 + Vi/’l?
6Vi ’

1
xi()dn — / \ Xi(n)dn) 1 vil 2gi(ny”) = gi(1)
N

3/2

Subcase (Bs): 0 < n 2 < n ) < 1. Then we have
3 ny 7y 1
fi = hi il / xi(mdn — /@ xi(mdn +/m xi(mdn
0 m n,
= BWVilgi() +2gi01") — 2i(n3))

— vl (6/11‘(611‘ — Azj) +3uh? +vih} 4
= |v; 4
3

6vi

The proof is complete. O
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It is important to note that the function f; in Proposition 2.1 is non-differentiable
but convex. The convexity of fi(g;,u;,v;) is a consequence of the following lemma

2
whenm =3, c=—Az;, ¢1 =1, ¢ = hinand ¢3 = %’72'

Lemma 2.1 Let ¢;i(n): R — R,i =1,...,m, be univariate continuous functions and
let ¢ : R™ — R, be the function defined by

c+ D xigi(n)|dy,

i=1

b
1//(x1,x2,...,xm) = /

where a < b and c is a constant. Then  is a convex function.

Proof Letx = (x1,x2,....,xy) and y = (¥1,¥2,...,ym). For any A € [0,1]
Y(x+ 1=y

b m
- / e+ D0+ (1= Dyilein)| d

i=1

dn

dn

b m n
= / A (c + in¢i(71)) +d=2) (c + Z)’i¢’i(ﬂ))
i=1 i=1

i=1 i=1
b
dn +/
=2 (x) + 1 =) ).

b m m
< / A (c + meﬁi(n)) (1—5) (c + Zm(n))
Hence,  is a convex function. O

The following facts will be used in the next section.

Lemma 2.2 ' '
(a) The condition of “v; # 0and 0 < ni’) < ng) < 17 is equivalent to

A 2 L . 2 . .
(i) >0 (u) > 2 max [0, - (}i + ﬂ)] and Y e [—h;, 0. (6)
Vi Vi 2 \Z1 Vi

(b) The condition “v; # 0 and ny) <0< ng) < 1”is equivalent to

L . 2 -
0> qi — Az; - _ (ﬁ+ Mlhl)‘
Vi 2 Vi

c) The condition of “v; # 0and 0 < n(i) <1< n(i) 7 is equivalent to
1 2

L . 2 .
0< qi — Az; - _ (/'Ll + ulhl) )
Vi 2 Vi

Proof (1) Note that ngi) > 0 if and only if

2
u; qi — Az; Uj
N il R 7
\/(Vihi) ( vih? ) T vk @
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and 5§ < 1if and only if

2
Ui qi — Az Ui
21— =<1 . 8
\/(Vihi) ( vih? ) = vihi ®

The two inequalities imply that

2
u; qi — Az; Ui
—2{———— ) >0, —1,0].
(Vihi) ( vih? ) T vk el ]

Squaring both sides of (7) and (8) yields

qi — Az; =0, qi— Az }+ Ui\
V,‘hlz - v,-hlz - 2 vk

The combination of these inequalities leads to (6). The converse is also true. In fact,
it is easy to see that (6) implies both (7) and (8), and hence (6) is equivalent to
0<n <nf <1

(b) Note that
D —gandn? >0 o ui )’ S (2= A% | M
= = vih; Vihlz vk
qi — Az;
—FF— <0 9
V,'hl-z - ©)

and ng) < 1is equivalent to (8). Squaring both sides of (8) and using (9), we have

qi — Az 1w
Gi” 24, (2 . 1
0= V,’hl-z = (2 + Vl'h,') ( 0)

Conversely, (10) implies that

2
uj qi — Az; uj 1
—2{————) >0and > ——= > —1.
(Vih,') ( V,‘/ll2 ) =van vihi = 2 -

It is not difficult to verify that this inequality and (10) imply that nii) <0< ng) <1
(c) Statement (c) can be proved in a manner similar to that in which (b) was proved.
g

3 Derivation of the conjugate function of F(X’)

The existing algorithms for non-differentiable optimization are in general not as effi-
cient as those for smooth optimization. This motivates us to study the dual problem
of (2). We will show that the geometric dual problem of (2) is a smooth convex pro-
gramming problem. Hence, we have a wider set of algorithms, including interior-point
algorithms, to solve the dual problem. Moreover, a dual model may provide a conve-
nient framework for the theoretical analysis and algorithmic design. We devote this
section to deriving the conjugate function of the objective function F(X). As we will
see, this is not an easy task even though the original function is convex.
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We will use notion and terminology of [26]. For a given convex function v (x) :
R™ — (—o00,00], we denote by dom(v) the effective domain of v, that is, dom(y) =
{x : ¥(x) < oo}. The conjugate function, also called the Fenchel conjugate transfor-
mation, of ¢ is defined as

Y*(y) = sup (x'y — ¥ (x)).
xeRm

In particular, the conjugate function of the indicator function §(-|D) of a convex set
D is the support function of D, that is, §*(x*|D) = sup,.p x! x*. For the single-point
set C; = {z;}, we have

§*(x*|Cy) = zix* and dom(8*(-|C;)) = R. 11
Denote by W € R¥"*+1 the vector
Wo > Wi s Wa s W3 Wo Wy, Wa W3

O O 0 0 (1) w O @ el e=1) =) =) )
( 9 () awl 7W2 ,W3 1W0 )

The conjugate of F(X') can be expressed as follows.

FH*W)
= sup (WTx- ]-'(X))
XER4n+1
n—1
= sp (Wla- ZS(plez) > filqiuivi)
XeRintl i=0 i=0
n—1
= sup Z(Wo pi —3pilCi) + Z (Wil)% + Wg)ll + W3 Vz filqi, ui, Vz))
XeRintl i=0
n—1
= Z sup (w0 pi — 8(pilCi)) + z sup (w()ql +w§)u +w3 Vi — f,(q,,u,,v,))
i=0 Pi€R i=0 (qiuivi)eR3

n
=> s wICH + Zf, w? ws w)
i i=0

n n—1
=3 + D> v wd wd). (12)

Thus, it suffices to calculate the conjugate function of fi(g;,u;,vi), i = 0,...,.n — 1.
In this section, for convenience and without loss of generality, we omit the index i
of all variables and constants. For instance, we use & for knot space h;, (w1, wz, w3)
for vector (wi’),wg),w;) (q,u,v) for vector (qj,u;,v;), and so on. We also write

w = (wi,wp,w3)T for simplicity.
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We note that the domain of f; (i.e., equal to R?) can be partitioned into the following
sub-regions:

u — Az
' =i(quv):v#0, (;) <2(q - )},
2 2(g-A w2 "
Iy = (q,um):V#O,(Z) U A Y P s
v v 2 v |’y
2 2q-A 2
I3 = (q,u,V)iV#O,(E) > C/ Z)>2max 0,—h——@ ,Ei
v v 2 v v
2 2(g — A 2
Ny =1@un:veo(2) = @=82 5 axJo, 2 _uh
14 v 2 v
_ 2
Is = (q,u,V):vaéO,qu Az_h_”h]’
v 2 v
q—Az K uh
Fe =1(qu,v):v#0,0< <
v 2 v
q— Az . W uh
'y = {(q,u,v):v#0, <min{0,—— — — ,
2 v
I's = {(q,u,v) :v=0,u=0},
—A
Py = {(@uw:v=—0uz0? Ze[—h,o]],
u
—-A
Mo = {(qu,v):v="0u#01 Zzo],
F“: (q,u,v):v:(),u;éo,ﬂs_h}.
u
It is easy to see that U}ilr‘izdom (f;) = R® and
hz uh q—Az .
I'sUT¢ = y(q,u,v) : v # 0,max 0,—3—— > > min {0, ——
v \4

2

h2

uh
v

I

By Lemma 2.2, we know that 0 < nf) < ng) < 1 corresponds to I'y, nii) <0< néi) <1

corresponds to I's and 0 < nii) <1< r;g) corresponds to I'q. Denote

W1g + wou 4+ wzv — fi(q,u,v))

Gi(wi,wa2,w3) = sup
(qu,v)el;
Then,
ff(wi,wa,w3) = sup
(q.uv)eR3
= sup

(W1q + wou + wzv — fi(q,u,v))

(quveUlL; T;

max  sup
L=j=11 (quv)er;

1<j<1

W1q + wou 4+ wzv — fi(q,u,v))

max, gi(wi, w2, w3)

w1q +wau +wav — fi(q,u,v)), j=1,..,11.

(13)
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and
11
dom(f") = (7] dom(g)). (14)
j=1
Since the value and domain of the conjugate function f;*(wy, w2, w3) are completely
determined by those of G;(wy, wz, w3), it is sufficient to calculate the value and domain
of Gj,j=1,..,11L
From Proposition 2.1, we see that the most complicated branches of the function f;
occur at regions I's and I's. Here we focus on the calculation of the value and domain
of Gs(wi,wz,w3). The value and domain for Gg can be obtained analogously. The
derivations required for other cases with v # 0 are easier than that for G5(wq, wa, w3)
and can be carried out with similar techniques.

The function f; over I's is given by

6h(q — Az) +3uh®> +vh>  2u[1 ju\2 q— Az
fi=1vl - -=156E) -
1% v

3
Ay - 2522

q— Az

v 14

Let

o =

u
d t=-. 15
and ¢ > (15)

Note that « and ¢ can be independent of a change in v, provided g and u change
appropriately. Using (15), f; reduces to

W2 2
fi:|v|[ah+7t+€—§t3+2ta+§(t2—2a)3/2]
andF5reducesto{(oz,t,v):v#O,Ozaz—(g—i-th)].
LetS = {(oz,t): 0>« z—(%%—th)}.Wehave

wiq + wou + w3v — f;

= w1 Az + wiav 4+ watv + w3v — f;

wi1Az + {(w1 —h)a + (wz - %) 4+ ws — %3 —2ta + %t3 - %(t2 —Za)%] v,
ifv>0

wiaz+ o +ma+ (o + 5 ) 14 ws + 5 42— 30 + 3@ - 203 ]y,
ifv<0

= w1 AZ + Yy (a,1,v),

where w represents (w1, wp, w3) and

gwla, v, ifv >0,
ywla, v, ifv <0,

Yo, t,v) == [ (16)

h? h? 2, 2
gw(a,t) := (W — h)a + (wz — 7) t+w3 — i 2ta + 513 — g(t2 — 2a)3/2,
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W n 25 2, 32

It is easy to check that g,,(«, ) is concave on S, while y,, («,?) is convex on S. Note
that v # 0 can be taken as any value in R. Hence, Gs is finite if and only if g, («,f) <
0 and y, (o, ?) > 0 for all («,?) € S, that s,

sup gw(a,) <0 and inf  yy(a,f) >0, 17)
((X,I)GS (a,)eS

which leads to

sup Yy (a,t,v) =0.
v£0,(a,0) €S

Then, whenever Gs(wq, wa, w3) is finite, we have

gS(W15W25W3) Sup AZWl + WW(OJ,ta V)

v£0,(a)eS
=Azwi+  sup  Yu(e,t,v) (18)
v#0,(a,r)eS
=AZW1.

This provides the value of Gs. It remains to determine the effective domain of Gs, that
is, the set of all points w = (wy, wp, w3) satisfying (17).
To derive conditions that w must satisfy, we first assume that (17) holds.

Lemma 3.1 Let B bethe boundary of Switho = 0,that is, BL = {(0, ) : —%z—ht < 0}

= {(0, t):te [—%, oo)} . Then gy(a,t) < 0on BD if and only if w belongs to the fol-
lowing set:

Uiw:w <—h—2w —ﬁw <h—3
W2 = 2,3 22_12-

Proof On BY, g, («, ) reduces to

) = gw(0.0) = L P
v (t) :=gw(0,1) = { w2 > w3 3 3 .

We first consider the subinterval [ - %, 0] over which the function reduces to

h? R4
vy (1) == W2—7 t+W3—€+§t,

Since vy, is a univariate concave function on [ — %, O], there are three possible cases:

(a) The first derivative v}, (1) > Oon [— g, 0]. In this case, * = 0 is a maximum point
. . 3 . 2
with the maximum value vy, (t*) = v, (0) = w3 — %. Since v),(f) = wp — % +472,
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the condition v},(f) > 0 on [ — %, 0] is equivalent to wy > % Thus, v, (f) < 0 on
[- %, 0] if and only if w satisfies the following condition:

h2 /’13
Riwy > wy< 1.
‘we W2_2,W3_6]
(b) v, <0on[— %,O]. = —% is a maximum point with the maximum value

v () = vw(_Th) = w3 — %wz — % Hence, vy, (1) < 0on [ — %,0] if and only if

w satisfies the following condition:

h? h h?
[W€R3:W2§—?,W3—§W2§E].

(c) V'(¢*) = 0 for some * € [ — %,0]. Then, 4(*)> = % — wy, which implies that

wa| < hz—z Consequently, —t* = %,/ % — wy and the maximum value of v is
given by
B 32
v (%) = w3 — 3 + 3 (? - WZ)
In this case, vy, (f) < 0 on [ - %, 0] if and only if w satisfies the following condition:

W€R3.|W|<hzw<h3 1 [/ H2 . 3/2
. 2_2» 3_6 3 ) 2 .

Summarizing the three cases, we know that v,,(f) < 0 on [ - %, 0] if and only if

b - h? - W U - h? h - h3
w =awiw —, W — Wiwy < —— ., W3 — =W —
22 5w = 25 —5Ws T oW s 5
2 B 1 (R 312
Uiw: — — == - .
w |W2|52,W3§6 3(2 Wz)
Now consider the function over [0, c0). We see that v, (f) = (wz - %) t+ws — %.

Clearly, vy, () < 0fort € [0, 00) if and only if
h? h?
weD:= ’weR3:wz§7, W3§€].

Therefore, on the whole interval [ — %,oo), the function v, (f) < 0 if and only if
we D= Dn D, which is the desired result. a

Lemma 3.2 Let B? := {(a,f) : 0 > o = —(% + ht)}, that is, the boundary of S with
a=— (% + ht) . Then gy, (a, 1) < 0 over B? if and only if w belongs to the following
set:

h? h h
Dy = R : wy— < — ——wy < —1t.
2 [WG w2 Wlh_ 2,w3 2w2_12]
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Proof Substitute o = — (% + ht) into gy (a,?) and note that t + h > ¢ + % > 0 for
(a,t) € S. Itis easy to see that

gW(a7t)

/’12 hz h3 h2
- h)( w) (w2 )i =g w20 (5 4m)

23 3
' —=(t+h
+3 3(+)

h? h? h?
=W3—?W1—?+( 2—?—W1h)

—w—ﬁw—hi—i-w—ﬁ—wh z‘—i—ﬁ
T Ty M 2)

It follows that g, (,#) < 0 on B if and only if w satisfies the following conditions:

h? h h3

wy —wih < > and W3—§W2_ o

Now we see that, if g,, (¢, ) < 0 on S, then g, («,#) < 0 holds on the boundary of S.
The following result follows immediately from Lemmas 3.1 and 3.2.

d

Proposition 3.1 If g, («,1) <0onS, then win R3 belongs to the following set:

'Dlﬁ'DZZ[WZW2<—h2,W2—W1h<hz,W3 hW2<}131
-2 -2 2 712
U[W:|W2| < hj wy —wih < E w3 — hwz i »W3 = " 1(}12_”’2)
-2’ -2’ 277712277~ 6 3\2
Next we consider the conditions that w must satisfy if the function y,,(«,f) > 0 on S.
The analysis is analogous to that of g, («,?). We keep the notation B and B® to

denote the boundaries of S as before.

3/2

Lemma 3.3 y,, (o, ) > 0 on BY if and only if w € R? belongs to the following set:

Qr:=1w:w >h—2 ﬁw >—E
= 2= 272 ="12
»2 W1 (R 32
U[W-|W2|§2,W32—6+3(2+W2) . (19)

Proof Note that on B, yw(a, ) reduces to

2 B2
ww(@) =y, = wo+ = )t +ws+ —+ (1| = ).
2 6 3
On|[— %, 0], the function further reduces to

) = +h2 + +h3 o
Uwll) = W2 ) w3 6 3t

Since ), (f) = wy + B2 _ 472 and p,, (f) is convex on [ 0] there are three possible
cases for locating the mlmmum point.
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(a) wj,( <0on|— %,O]. The minimum value of yu,, is attained at * = 0 with
() = w3 + %3. In this case, ,,(f) > Oon [ — g, 0] if and only if w belongs to
the set {w: wy < —ﬁ,m > —%3}.

(b) u,(® = 0 on [ — g,O]. The minimum point is #* = —% with p, (%) =
w3 — %wz + % Hence, py(1) > 0 on [ — %,0] if and only if w belongs to
the set [w Twy > %,W3 — ng + % > O}.

(¢) w),(t*) =0 forsome * € [ — %,0]. In this case, 4(*)2 = % + wy, which implies

2 .. .
that [wp| < % The minimum value of u is given by

) = +h3 ! h2+
Mw =w3 6 3\2 w2

3/2

Hence /1,y(f) > 0 on [ — 4,0] if and only if w belongs to the following set

h2 B (R 02
[W€R3:|W2|§2»W3+6—3(2+W2) >0¢.

In summary, we know that j,,(f) > 0 on [ — %, 0] if and only if

we731::[w:w2§—2,W3z—h3]U(w:wzzhz,W3—hw22—h3]
2 6 2 2 12
2 1R :
U W3|W2|§E,W3Z—F+§(?+W2)

On the other hand, for ¢ € [0,00), the function u, (1) = (wz + %) t+ w3 + %
Therefore, w,,(t) > 0 on [0, 0co) if and only if

h? w
we Py = [W€R3:W22—7,W3Z—€].
Therefore, y,, (o, ) > 0 on BY if and only if w € P; N P,,which is equal to (19). O

Lemma 3.4 y,.(a,?) > 0 on B? ifand only if

h 3 h?
WGQZZZ[WER3ZW3—§W2+EZO, wz+3—w1h20].

Proof Substituting o« = — (}’72 + ht) into y(«,t) and noting that t + & > ¢ + % >0
for(a,t) € S;, we have

2 2 3 2
Ywle,t) = —(wy +h) (% +ht)+(W2+h7)l‘+W3+% —Zt(h7 +ht) 383+ 50+h3

3 2
:w3—%wz+’f—2+(wz+h7—w1h)(z+§).

Consequently, yzW (a,f) > 0 on B? if and only if w satisfies that w3 — %wz > —g and
wy —wih > —%. d

Adding up Lemmas 3.3 and 3.4, we have the following result.
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Proposition 3.2 If y,(«,t) > 00on S, then

0N =lw:w > h? . h? h - n
w 1 2 = W~W2_2,W2 win = 2’W3 2W2_ 12
ok n3 h? o\
Ujgw: |W2|§?7W3—§W22 BRI wih> — 7,W3Z—€+§ (?‘FWZ) .

With Propositions 3.1 and 3.2, we can conclude that condition (17) implies that w is in
Q= (D1 ND)N(Q1 N D). (20)

We want to show that this set is the effective domain of the conjugate function Gs. It is
sufficient to prove that, if w € Q, then condition (17) holds. This is not straightforward.
We need the following technical lemma first:

Lemma 3.5
(a) The condition

. 8w 0gw
f == =21} =0 21
<J,Itl>es( o | |0 ) 1)
holds if and only if
* 3 1 2 h2
weEQ = iweR: wq € [—h,h], Wz—i-Z(Wl—h) =30 (22)
(b) The condition
. Ayw oyw
f {|— 21} =0 23
(al,Itl)eS( s | T o ) 23)
holds if and only if
* 3 1 2 h2
weQp=iweR: wy € [—h,h], Z(W1+h) —wz:? . (24)

Moreover, gy (a,t) satisfies condition (21) and SUP (g pyes §w (e, 1) <0 if and only if

weQe:=n{w:w <£71 E*W .
g = % M= T3\ ™
3/2
1 h? o1
= ‘w:wl € [—h,h],W2+Z(W1 —hy? = 5 "3 < e 3(—w2) ]
Similarly, y,, satisfies condition (23) and inf (o yes yw(a,t) > 0 if and only if

~ Bl 32

1 n2 W1 (h? 3/2
=[w:wle[—h,h],4(wl+h)2—W2=2,W3z—6+3(2+Wz) .
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Proof (a)Assume that (21) holds. Then there exists a sequence {(«, tx) € S} such that

. 08w .
0= lim == =1 —h =2t + 24/ (1) — 2 ,
kl)n;o o (o t) kinolo (w1 k2 () ak)
08w . W 5 I
0=1 —_— =1 - — =2 2(t)” — 2t )2 —2 .
koo 0t lapan koo (W2 7 T 20+ 20" = i/ ()" — 2o

Therefore, for each k, there exist two sequences 8,((1), 8/((2) — 0 such that

2\/ (tk)z — 20y = 2ty — (W] —h-— 81((1)) , (25)
hZ
— 2p/ (t)? — 20 = —Z(Ik) + 20 + 5 wo + 8(2). (26)

Squaring both sides of (25) leads to

20 = (wl —h—s,({l)) K — 1 (wl —h—el(cl))

4
1
@) @

:(wl—h—ek)(tk—z(wl—h—ek )) (27)

On the other hand, multiplying both sides of (25) by # and adding to (26) lead to
h2
Qap = (wl —h—g )) e wr = 5 = e (28)

It follows from (27) and (28) that

oo 1 M)

Wz_j_gk :_Z(Wl_h_gk) fork > 1.

Since el(cl), ali ) - 0as k — oo, the above equality implies that

1 2
Z(Wl - h)z =5 w2.

We now prove that —h < wy < h. Assume that wy > h. Since oy < 0, when k becomes
sufficiently large, it follows from (27) that

ka%(Wl—h—Sl(cl))~

However, (25) implies that %(wl —h—¢g Dy < tx. This causes a contradiction. Next,
assume that wy < —h. It follows from (27) that

1
ez govi —h—el). (29)
Since (ag, t;) € S, we have oy + hty > —hz—z. From the first equation of (27), we have

1
—h? < e +hi) = tewi +h— ) = 0w —h—el)’.
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Since wy + h + 8/(61) < 0, we see that

2
1
%(wl—h—s,({)) =R =M a2
t < @ = k O <-(w —h-— 81({1)).
wi+h—eg; dwi+h—¢.") 4

This contradicts (29). Hence, w must be in the set of (22).

Conversely, we show that, for each w belonging to the set of (22), the concave
function g, has a finite stationary point in the set S and, consequently, condition
(21) holds. Let «* = 0 and ¢* = %(wl — h). It is easy to verify that («*,*) isin §
and that it is a stationary point of g, («,?), that is, Vg, («*,#*) = 0. Moreover, since

h—wy =2,/ % — wy, the maximum value of the concave function g, over S is given
by

o1 3”2
gwlo™, 1) = w3 — 3 + 3 (7 - W2) . (30)

(b) We prove the result for function y,,(«,?) first. The proof is similar to that of
gw(a, t). Let {(ak, k) € S} be the sequence such that

. Oyw .
0= lim — =1 B4 2t — 24/ ()% — 20 )
koo dar |@ip) (kggow1+ + 2l m)
. Oyw . h? 5
0= lim —— =1 — 20y — 2t 204 (t)2 — 20 ) .
koo 1 (@t Pyl (w2+ 2 + 20 — 2(5)° + km

We introduce two auxiliary variables s]((l) s s]iz), both tending to zero as k — oo, such

that
2\ () = 20 = 2t +wy +h — €, (31)
h2
— 24 ()2 = 20 = wo + 5 20— 21 — 6. (32)

Squaring both sides of (31) leads to

1
20 = —(wy +h — e,(cl))tk — Z(w1 +h— Eli1))2

1
= wi+h—e) (—tk — w1 +h— e,(}))) : (33)
Multiplying both sides of (31) by #; and adding to (32) yields

h2
20 = —(Wy +h — el(cl))tk — (w2 + 5 e,(cz)).

The above two relations require w to satisfy

1 W e )
Z(w1-i- — €. ) —?—l—wz—ek.
Letting k — oo, we have
1 n?
= h? = — )
4(w1+ ) > Tw
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Next, we prove that —h < w; < h. Assume w; < —h. Since o < 0 and e,il)

follows from the second equation of (33) that

— 0, it

1
e < =g Wi +h—e)

for k sufficiently large. By (31), however, we have #; > —%(wl +h— e,il)) > —%(wl +

h— e,il)). This causes a contradiction. Now assume that wy > h. For k sufficiently large,
it follows from (33) that

1
t > _Z(W1 +h— 61({1)).

Since (ag, ;) € S, we have oy + ht > —%. Following (33), we see that

1
—n* < 2(ap + hty) =t (h —wy + e,(cl)) — Z(Wl +h+ e,il))z.

Since wy > h, the above inequality implies that

Twi+h—e? =1 (wi+h—el)? -4
< —

k = =
h—wy — e](cl) 4h — w1 — 61({1))

1
< _Z(Wl +h— 61((1)).

This again causes a contradiction. As a result, the vector w must be in the set of (24).

Conversely, we show that, for each w in the set of (24), the convex function y,,
2
has a stationary point in S. Let o™ = —% and r* = %(wl + h). Note that, for

wq € [—h, h], we have o™ + ht* > —}‘2—2. Hence, (¢*,#*) € S and it is easy to verify that
(a*,1*) is a stationary point of y,(«,1), that is, Vy, (¢*,1*) = 0. Consequently, (23)
holds and the corresponding minimum value of the convex function y,, is given by

BB 1 (R 32
y(e*, 1) = ws + 5 3 (7 + WZ) . (34)

The second part of the lemma follows from what we have proved for (a), (b), (30),
and (34). O

Remark 3.1 When a function satisfies a condition like (21), we say that the function
has an asymptotic stationary point on S. A finite stationary point is clearly an asymp-
totic stationary point. The converse, however, is not true for a general function. From
the proof of Lemma 3.5, we have actually shown that, if w € Qg, then a concave g,, has
a finite stationary point on the set S. In view of part (a) of Lemma 3.5, we can conclude
that the following three statements are equivalent: (a) g, has an asymptotic stationary
point on S, (b) g has a finite stationary point on S, and (¢) w € Q. Similarly, for
yw, the following three conditions are equivalent: (a") y,, has an asymptotic stationary
point on S, (b') yy has a finite stationary point on S, and (¢') w € Q.

The main result for the region I's is stated as follows.
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Theorem 3.1 Gs(wiwy, w3) = Azwq with an effective domain Q defined by (20), that is,

h? h now W2 W2
dom(Gs) = [w: W] < —,w3 — —wp € [ ],wz—wlhe [—— ],

2 2 12712 272
o1 (K 2 o1 2
‘€+§(7+W2) 5W3f€‘§(7—W2) J

Proof As pointed out previously, w € dom(Gs) is equivalent to (17). We have already
proved that (17) implies w € Q. Hence dom(Gs) C 2 and we need only to prove that
the converse is also true.

Let w be any vector in Q. We will show that (17) holds. We give here a detailed
proof for sup, yes gw(e,f) < 0. A similar proof can be constructed to show that
infy pes yw(a, 1) > 0.

We first prove that, for any w € €, the function g, is bounded above on S. (Simi-
larly, we can prove that y,, is bounded below on §). The gradient of the function g,
w.r.t. («,t) is given by

—_——— 8w wi —h—2t + 2/ = 2a
CY, = =
s it wa — B 20 4222 — 2P~ 24

8o
wy—h— —F—
o ! 21424/ 1220

= I 8at?
Wy — & — 2o+ —2
2 20242t/ 2 2a
42
oy — )
1+ /1—2([%)
= 2
wy — % — 20 + da

For any («, t) € S, we have

This indicates that lim,_, 5o % =0and }%} is bounded, provided ¢ > 1y > 0 where 1y is
a fixed positive scalar. It is easy to see that

There are three possible cases.

Case 1 There exist constants € > 0 and #9 > 0 such that %g—aw > ¢ for any (o,f) € §
with t>1). Then gy («,?) is an increasing function w.r.t. o, and, hence, gy («,?) <
gw(0,1) for all (a,f) € S with ¢t > fy. By Lemma 3.1, g,,(0,7) < 0, since w € Q C Dj.
Therefore, g, has an upper bound on S when ¢ > #. On the other hand, since the
set T := {(a,0) : (a,8) € S, t < ty} is bounded, by continuity, g,, is bounded on T.
Therefore, g, is bounded above on §.

Case 2 There exist constants € > 0 and ¢ty > 0 such that B;g'—aw < —e for any (a,?) € §

with? > #9. Then gy, («, f) is a decreasing function w.r.t. «. Noting that 0 > o > — % —ht,
for any (o, t) € Switht > 1y, we know that g, (o, 1) < gy (—% — ht, t) . The right-hand

@ Springer



610 J Glob Optim (2008) 40:589-621

side of this inequality is the value of g, on the boundary o = —% — ht of S. Using

Lemma 3.2, for any w € Q C D;, we have gW(—h2—2 — ht,t) <0. Let T be defined as in
case (1). By continuity, g,, is bounded on 7. Thus, g,, is bounded above on S.

Case 3 There are no positive scalars € and fy such that either case 1 or 2 happens.
Since Vg («, t) is continuous on the convex set S, it is equivalent to say that

agw

Ja

inf
(a,)eS >t

=0 Vi > 0. (35)

In this case, if wy = %, then lim— o0 =5 ag‘” = 0. Hence, (21) holds and, by (1) of Lemma
3.5, we have w € Q;. Thus, w € Q ﬂ QZ, - Qg Lemma 3.5 further implies that
gw(a,t) <0onsS.

Assume that wp < 7 In this case 3§tw < 0 for sufficiently large ¢. Take a point
(@,1) € S with f > 0 such that

Jze
@n| — ot

98w
o

oy TER=O (36)

By (35) and the fact of 2 W < 0 for sufficiently large ¢, there exist (&,7) and é > 0

satisfying (36), provided that 1 is sufficiently large. By the concavity of g,, on S, for all
(o, 1) € S with £ > 7, we have

gwl(@,t) < gw(@,0) + Vew(@,n’ ("‘ :;")

= gW(a t) B Aaf;% (@.0) _Aag;:) (@) aag(: (@, ol +taagtw ‘( )
< gw(@,h) — & ;:: @ —Aa%w " )+ (—+ht)+t i‘” o

< 8@ _&82% @i _Aaéizw @ éh; * (8% @ +€h)t
< guw(@,1) —(xaa‘g;zv @ —?8‘5;:) @ €h;.

Thus, gy is bounded above on {(o,f) : (a,t) € S,t > 7). Note that {(«,?) : (a,f) €
S.t < 1} is also bounded. Therefore, 8w 1s bounded below on S.

In summary, we have proved that, for any given w € €, the function g,, is bounded
from above on S. Similarly, we can prove that y,, is bounded from below on S.

We now prove that, for any w € 2, condition (17) holds. Forw € Q N€2, by Lemma
3.5, we know sup, 5 gw(@, 1) < 0. Assume thatw € Q\Q Since w € Q requires that

W1 (R 02
wmelo5(5m)
through the construction of ﬁg, we know the condition w € Q\Qg implies that w ¢ Q,
when Qg is given by (22). By (1) of Lemma 3.5, the condition w € Q\ﬁg implies that

0 0
inf ( 8w + 08w ) > 0.
(a,r)eS \| 0

ot
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This means that there is neither a finite nor an asymptotic stationary point of g,, on
the convex set S. We deduce that the finite supremum is achieved on the boundary of
the set S, that is,

sup gw(a,t) = sup gwla, 1) <0.
(a,)eS (a,HeBHUBD)

The inequality follows from Lemmas 3.1 and 3.2. The fact that inf syes yw (e, 1) > 0
can be proved in the same way. Therefore, w € Q implies that (17) holds. O

So far we have taken care of region I's. Applying similar analysis, we can establish
results analogous to Theorem 3.1 for the remaining cases with v # 0, that is, for
regions I';,i = 1,2,3,4,6,7. The general procedure goes like this. First, set o and ¢ as
(15). Then define the set S and the functions ¥, (a,t,v), gw (e, t) and y,(«,?) for each
region. Since (18) holds for each j,j = 1,2,3,4,6,7, we have

Giwi,w2,w3) = Azwy ¥ w € dom(G)).

Note that, on I'1, 'z, and I'z, the function f;(q, u, v) is the same, that is, for i = 1,2, 3,

M@—A@+%W+mj

filq,u,v) = |v| [ &

Since (q,u,v) € I'7 implies that n%i) <0<l1c< ng), on I'7, we have

M@—A@+M#+m1

fi(q,”»") = _|V| [ 6v

We list the effective domains of the functions G;(wy,w2,w3),j = 1,2,3,4,6,7, below
without repeating the lengthy but similar proofs.

h2 2 h3
dom(Gy) = yw:|wq| <h, (W2—2) —2(W1—h)(W3—6)§0,

h3
(w2+ ) —2(W1+h)(W3+6)§0

H? "
dom(Gy) = (w: Iwy| <h, [wy| < 5 sl = 3
hZ h2
dom(G3) = Dwil <h, wp—wihe 55|
h2 h3 h2 h3
wzh—jwl—?§W3§w2h—?W1+?],
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h? W W2
dom(Gy) = [wi [wa| < 5 W2 —-wih e [ ,
1

3

o1 n? 32 &
—?‘Fg 7+W2 w3 < — —

3
gW2+%—gp*+%(p*)3ﬂSW3<*W2—f+fp—*p
W2 W3 h2 W3
(w3 = )% <2003 = ") wy = h). (5 +wo)? <2003+ )y +h>],

W2 W h?
dom(Gg) = [weR3: |w2|§7,w2—w1he |: N

202
h Booh o, 1, .30 h RBh 15,
§w2+ﬁ_§p +§(P) SWSSEWZ—E'FEP—gP ],

72 02 o2
dom(gy) = [W2|W1I§h,IW2I§2,W2—W1h€ [ )

R
S I
37" 21|

2

2
where p* = hz wy +wih,and p = wy — wih + %

Finally, we consider the situation for regions I's, 9, I'1g, and I'11. Because v = 0
holds for each case, the analysis becomes simple.

(a) Foru = 0. The region is I'g, on which the corresponding f; reduces to h;|qg — Az|.

Hence,
Gg(wi,wa,w3) = sup  wiq+wau+wsv —f
v, u)=0,g€R
= sup Azwi +wi(qg — Az) — hilg — Az|
qeR
= Azwi +sup (w1(q — Az) — hj|lqg — Az]) .
geR

Then it is easy to verify that Gg is finite if and only if [wq| < h. Consequently,
dom(Gg) = {w € R3 : |wy| < h} and Gg(wq, w2, w3) = Azwy for w € dom(Gg).
(b) Foru # 0 and q;ﬁ € [—=h,0]. In this case,

_ 2 _ 2 2
fxmuﬁ)=hﬂ<(q AZ)-+(q Az)h+h )=|m(ﬁ2+ﬁh+’l)’
u u 2 2

where 8 = q%m. Therefore,

h2
wi1q + wau — fi = wiAz + w1 Bu + wou — |u| (52 + ph + 7)
= w1 Az + Yw(B,u),
where 8 € [—h,0] and

Yw(B,u) = lgw(ﬂ)u, ifu>0,

ywBu, ifu <0, (37)
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(©

(d)

2

h
gw(B) = (w1 —h)B — B> +wy — =

h2
Yw(B) = Wi+ B + > +wr+ -
It is easy to see that g, (8) < 0 on [—A, 0] if and only if

(w1 —h)?
WG’ dwil < h, Wz—;-k%fo

and y,, > 0 on [—A,0] if and only if

h 2
we[w:|w1|§h (wz—i—f)-i-w_()]-
Note that
Go(wy,wa,w3) = Azwi +  sup  ¥(B,u).
ueR,pe[—h,0]
Hence,
h)? h? —h)?

dom(Go) = [weR3 Wil < h, _?er <wy < 7—%],

on which gg (w1 L W2, W3) = Azwq.
For B = 1=2% ¢ [0, 00). We have

_ 2 2
£(q.11,0) = Ju| ((q AZ)h+ h—) lul (ﬂh+ h )
u 2 2

2

%) = wiAz + (B, ),

and
Wiq + wau — fi = wi AZ + w1 fu + wau — |ul (ﬂh+

where v, (8, u) is defined by (37). However, g, (8) and y,,(8) are given by

2 2

h
gw(B) = w1 —hB +wy — 70 yw(B)=0m +h)ﬂ+W2+7.

Clearly, on [0,00), gw < 0 and y,, > 0 if and only if |w{| < A and |wz| < %
Therefore,

h2
dom(glo>=[weR3 lwy| < h, |wz|<7]

on which glo(wl, wo,w3) = Azwy.
For B = A € (—o0, —h]. Proceeding as in (c), we have

h* h?
dom (G11) = [w e R :|wi| <hywy —wih e [—7,7“

on which Gi1 (w1, w2, w3) = Azwy.
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Using (13) and (14), we have the following main result of this section:

Theorem 3.2 The conjugate function fi*(wi, w2, w3) in (13) has a value of Azw; over
its effective domain defined by the following inequalities:

h? h?
—wihe|-——,— 38
w-wihe |2 %], (3)
h? W on
w3 — th + 7W1 € |:_€7 €i| ) (39)
h2\? "3
(v2=F) —20n-m(ws =) <o (40)
h2\? "3
(W2+?) —2(W1+h) (W3+€)SO, (41)
h? (wy +h)? h? (wy —h)?
_7 ff”&fi_f, (42)
Bl (K 3/2 Bl (K 3/2
h Bk, 1, 30 h Booh 1oy,
- - = Wy — —d—p— = 44
Wt 55 3(/0) Sw3Sgwr— o= 2077 (44)
where,o*:}lz—z—wz—l—wlh,andp:wz—wlh—i-%.

Remark 3.2 Taking the intersection operation on the right-hand side of (14), we see
that the following inequalities are redundant and can be removed:

2 3 h s
h - - _2 BRI 45
Wil <h, [wz| < 7 [w3| < ¢ WiTymE [ 12,12} (45)

Inequalities (42) imply that |w;| < }‘2—2 With (38), this further implies that |wy| < h.

IS h3]

With (43), this implies that [w3| < %3. Also, note that inequality w3 — %wz € [— 12

is redundant. In fact, from (43), we have

h W1k 2y
_Z Bwy) = —— + = (= _Z
w3 2WzZ (w2) 6 +3(2 +Wz) 2W2,
h W1 (k2 2y
w3 — sz <o) = ? - g (7 + WZ) - 5W2~

. . 2 .
It is not difficult to show that under (42) we have |w;| < % and the convex function

O (wp) —h3 /12 has a lower bound of -3 /12, the concave function o(w;) has an upper
bound of 43/12.

Remark 3.3 Now we claim that the set formed by inequalities (38) through (44) is
convex. It is evident that all the constraint functions stated in Theorem 3.2 are convex
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except (40) and (41). However, we can prove that the set formed by inequalities (40)
and (41) remains convex. This follows from the fact that {(a,b,c) : a? —2bc < 0,a >
0,b > 0,c > 0} is a convex set, because a + b > 2/ab if (a,b) > 0. An alternative
explanation for this fact will be given in the next section.

4 Dual model and dual-to-primal conversion

To establish the geometric dual model for problem (2), we need the so-called Fenchel
Dual Theorem [26]. Let f: R™ — (—o0,+00] be a closed proper convex function on
R™ with the conjugate function f* and let K be a subspace in R” with the orthogonal
complement K+. The problem inf,cg1 f*(y) is called the geometric (or Fenchel’s)
dual problem of the primal problem infycx f(x). The following key results hold for
this setting:

Theorem 4.1 [26] Let f and K be defined as above. Then
inf o inf £
inf f(x) ot ALY
if either (a) i (dom (f)) NK # @ or (b) ri(dom(f*)) N K+ # ¢ holds.

Moreover, under (a) the infimum of f* over K*- is attained and under (b) the infimum
of f over K is attained. In general, x* and y* satisfy

F&") = inf f(x) = — inf f*(y) = =f*0"),
xeK ye[{L
if and only if
y* e df(x™), x* €K, y*e K*t.

Following Theorem 3.2 and (12), we have
n ) n—1 .
Fov) = > zwl + > Aziw(” +5(0V|dom(F*)). (46)
i=0 i=0

From definition,

Fodwdowy = sup 0 qi+wui+ wvi = filgi,ui,vi)) = —|1Azil.
(qi>ui,vi)=0
Hence, f* is ‘bounded' below for each i. It follows from (12) that 7*(W) < oo if and
only if £ (wf), wi,w{’) < oo for each i. By (12) and (11), we have

n—1
[ ] dom(s*(-1C) x dom(f7) | x dom(8*(|C))
i=0

dom(F™)

n—1

= H R x dom(fj") | x R, (47)
i=0
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which is a closed convex set. By Theorem 23.8 in [26],

n n—
AF* W) =0 [ D 2wy + > Aziw + 8OV |dom(F*))
i=0 =

=0 > 2wl +ZAz, ) + 0 (30vIdom(F)))

= vec(z, Az) + Ndom(f*)(W),
where vec (z, Az) is a vector of constants given by
T
vec (Zv AZ) = (ZO7 AZ07 07 0’ Zl s AZ] s O’ 0’ seey Zn—l ] AZn_] ’ 07 07 Zl‘l)

and Ngom(7+ (W) denotes the normal cone of dom(F*) at the point W.
Recall that in the primal problem the subspace

K={xeR"!1:Ax =0},

(48)

where A isa (2n — 1) x (4n + 1) matrix of the coefficients in the constraints, that is,

— 2 1.3
Thy % 4
2
1he™ 0 -1 3
1ol
1o -1

2 2
n

Ry et g

Hence, K is the range space R(A”), that is, a linear subspace generated by the

rows of A, and the geometric dual problem of (2) is

inf {F*OWV) : W e K+ = RAT)).
WER4”+1

By (46), (47), and Theorem 3.2, the dual problem becomes

n
min ZZ; @ + Z Aziw (l)
i=0

WER4”+1

; hz h2
s. t. wg) )h €|: 5 2] i=0,....,n—1,

) . W2 R
wgl)—wg)hi-l—?’wy)e[—F’,é], i=0,....,n—1,

LAY 0) o R
(W2 —?l) 2( hi)(W3 —EI)SO, i=07~--an_17
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LAY @ W 4 h; .
W2+? = 2wy + hy) 6 <0, i=0,...,n—1,

ooy —h)? W0 < 12 o) — hi)?

ki G S S N
x4 =M=y 4 ’ "
h IR0 72 o_m 1(n e
—€+3(7’+w2) <wj Sg’_g(f_wz) , i=0,...,n-1,
hi Bohi o 1 sp o hiog R k15,
ot o Z < b < 2 — L 4+ —p—-= =0,...,n,
oWt Tt )T s wT s owy - ke g =0 n
T
(W(()O), WEO)’ Wé())’ W:(;O)’ WE)I), W;l), ng)’ ng), o W(()nfl)’ Winfl)’ W;nfl), Wgnfl)’ W(()”))
e R(AT), (50)
where
2 A : h?
=5 = whi p=w —hw + 2 (51)

As pointed out in Remark 3.3, the feasible region of the above problem is convex,
although constraint functions (49) and (50) are not convex. To see this more clearly,
we replace these two inequalities by semi-definite constraints. In fact, noting that
(45) is implied by other constraints, (49) and (50) can be replaced by the following
semi-definite constraints without changing the problem:

20— wi) % - 2w +hy i + %
=0, =0,
AR O R N () Wm0
I R S Wy + 3 w3 +F
where “ > O” means the square matrix is positive semi-definite. Consequently, we
have
20hi —wH B —w$ 0 0
3 .
w0 w0 0 o
> O.
0 0 200" + k) wi +
IO
L 0 0 Wy + 5 w; + b -

Therefore, the dual problem can also be viewed as a convex program with semi-defi-
nite constraints.

It is not difficult to see that condition (a) of Theorem 4.1 holds for the primal
problem. Hence, the dual attains its infimum. On the other hand, it is evident that
0 € ri(dom(F*)), that is, condition (b) of Theorem 4.1 is valid. Therefore, the primal
problem (2) also attains its infimum.

The last constraint of the dual problem indicates that the variable WV can be rep-
resented as a linear combination of the rows of A. Denoting by ) the combined
coefficients, that is, W = ATy, and substituting it into other constraints, we can elim-
inate variable W and formulate the dual problem in terms of ), which has 2n — 1
instead of 4n 4 1 variables. However, such elimination may make other constraints
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more complicated. When n becomes large, elimination could be wise, but not for
problems with small . Since we have a smooth convex dual problem, most nonlinear
programming algorithms including the interior point algorithms become applicable.
Our remaining task is to construct a dual-to-primal conversion mechanism. We
show that a primal optimal solution can be calculated by solving a sparse linear pro-
gram determined by a dual optimal solution W*. To do this, we introduce the notation

2
chon == w(‘)+w,”h,, Crimy =% 4w — i,
1 o R (z) oo (o)
Chiw) = ?’Jr? '+ - w3, Cimy =wy' = +3( 7 —w ;
O _ 32 @) _p .32
) A
cLiw) = it K wgn cm =wh) i =
(W) W() + (l)hl (l) 4l(w) — W:(;) (l>h + (l) h6 ,
3 3
Chiow) = (w(” LaCRpITI h,xw(” i), com = ) + l)z 2(w‘”+hl>(w(” ),
CLowy = w1l 1, )% Wi, Criw) = W0 B g3
- 2F 30 bW =W 2" 2PT3P%

where i =0,...,n — 1, and p*, p are given by (51).

Let W* be a dual optimal solution. By Theorem 4.1, X* is a primal optimal solution
if and only if it satisfies the following conditions:

W* € dF(X*), X*e{x:Ax =0} and W*e RAT).

Since the third condition is automatically satisfied for a dual solution, we can reduce
the conditions to

W* e dF(x*) and X" e{X:AX =0} (52)
Note that F(X) is a closed proper convex function. By Theorem 23.5 of [26], we have
W e dF(X) ifandonlyif X € 9F*W).
Hence, (52) becomes
X e (X AX =0} NIFW5).
It follows from (48) that X* is a primal optimal solution if and only if
AX*=0 and X* € vec(z, Az) + Niom () WV"). (53)

Once a dual optimal solution W* is obtained, the index set (corresponding to binding
constraints) defined below becomes completely known:

IOV = {(Lk,i): CL,ov) =0, k=1,...,6; i=0,...,n—1)
Ul(r,k,i): ChOW*) =0, k=1,...,6; i=0,...,n—1}.

Let

1, if (Lk,i) e IW*), 1, if (r,k, i) € IIW*),
I _ ro_
Pri = Pri =
0, otherwise. 0, otherwise.
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The normal cone Ngom(r+ (W*) is generated by the gradients of those binding
constraints at WW*. That is,

6 n—1
Naomzn V) = { D02 (bl VCLOV") + b VCR VD) + 3y = 0,
k=1 i=
3= 0, k:l,...,6;i:0,...,n—1}.

Any solution to (53) is an optimal primal solution. However, we may seek a solution
with certain properties, such as a solution with minimal L; norm, L, norm or L
norm. If we take the L norm, then we have the following problem:

min || X[y
Subject to AX =0,

Juy

6 n—

X =vee(z, A2 + 2 > (Mabh VCLOVY) + Ao VTV ), (54)
k=1 i=0

Ak >0, r>0, k=1,..,6, i=0,...,n—1

Let X} = max{X,0} and X_ = min{X, 0}, where the min(-) and max(-) operations are
performed componentwise. Then

X=Xy —Xx_ and [|X|1=el (X +a).

This says that problem (54) is actually a linear program. We can be solved it efficiently
using either interior-point or simplex based methods [11]. Note that the gradients
VCfa.(W*) and VC;,(WV*) are (4n — 1)-dimensional vectors with only three nonzero
components. Hence, problem (54) is in general sparse.

If we choose the L, norm, then the resulting problem becomes a quadratic pro-
gramming problem that can be handled by many available algorithms.

5 Concluding remarks

Recent computational results have indicated that first-derivative-based L; splines,
that is, C!-smooth cubic splines obtained by minimizing the L; norm of the difference
between the first-order derivative of the spline and the divided differences of the data,
have excellent shape preservation capability. Finding the coefficients of a first-deriv-
ative-based L, spline is a non-differentiable convex programming problem. We have
derived a geometric dual that is a smooth convex program with a linear objective
function and cubic constraints. This dual program is theoretically more convenient
than the primal program and will allow use of more efficient algorithms, such as inte-
rior-point algorithms, to calculate the coefficients of the spline. Once a dual optimal
solution is obtained, conversion to a primal optimal solution is no more than a linear
program. The results obtained in this paper provide a platform for further study on
the mathematical treatment of shape-preserving properties and the development of
specific algorithms for this new class of cubic spline functions.

Extensions of the results of this paper from interpolating splines to approximat-
ing splines and from splines to solution of partial differential equations are possible.
Smoothing splines that minimize a linear combination of the £; norm of the difference
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between the spline and the data and L; norm of the second derivative of the spline
have been shown in [17] to have excellent shape-preservation properties. A theoret-
ical investigation of second-derivative-based L; smoothing splines has been carried
outin [7]. Algorithms that take into account the special structure of the problem have
been developed [6,30]. Development of first-derivative-based L; smoothing splines
is of considerable theoretical and practical interest. L1-norm-based approaches have
also been shown to be advantageous for solution of differential equations [15].

It is worth mentioning that, while no boundary condition has been explicitly con-
sidered in our model, we can impose boundary conditions or other conditions on the
coefficients of the underlying spline function without substantial changes in the analy-
sis presented in this paper. For instance, if the conditions Z’(xg) = yp and Z'(x,;) = 1
are imposed on the spline, where yy, )/1 are two constants, then only three more

constraints, that is, g,_1 + h,_1u,_1 + = Yv.—1 = qu, g0 = Y0, and g, = y1, have
to be added to problem (2). Furthermore, the latter two simple constraints can be
incorporated into the objective function by using the indicator function as we have
done for the condition of p; = z;.
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